A new kinetic model of globular clusters based on a modified velocities distribution function is compared to the most often used King's model. A hypothetical contribution of dark matter is considered.
Kinetic globular clusters models
Globular clusters of stars are, roughly speaking, spherically symmetric aggregates of numerous stars maintained in a volume of finite radius a by their own gravitational field as they move around the galaxy to which they belong. Typical values are N = 10 4 ..10 6 stars and a = 7..120 pc. Simple theoretical models, as the renowned King model [1] that we review below, assume that i) all stars in the aggregate have the same mass, ii) that the mean gravitational field is static and iii) that the distribution of velocities v i (i=1,2,3) at each point of the cluster is isotropic. It follows from these three assumptions that it is possible to define for each point of the cluster a scape speed v e (r) where r means distance to the center of the cluster, such that beyond it the star would scape from the volume of radius a. This is also in particular the velocity that a star moving in the radial direction outwards should have to reach the frontier a with zero velocity. This justifies the next assumption iv) that assumes that no stars with speeds greater than v e (r) remain in the cluster.
Both models of globular clusters considered here have as basic ingredient the fact of describing the gravitational mean field by a potential V (r) solution of the Poisson equation:
where µ(r) must be chosen as a convenient description of the density of the ensemble of the stars of the cluster. This implies that at each point where there is a star, with velocity v i this star will move according to Newton's law:
and that:
will be a constant of the motion.
Since the potential is defined only up to an arbitrary constant it is convenient to choose this constant so that v e (0) = −(−2V (0)) 1/2 . It follows then from the assumptions i), ii) and iii) above the general relationship:
A nice consequence of it is that the boundary of the star cluster will coincide with the sphere V (a) = 0 A kinetic globular cluster model is based on a choice of the distribution function of the velocities of the stars of the cluster at each point of it, that because of the spherical symmetry will be a function f (r, v i ); and still more specifically, because of the assumption iii) above, it will be a function f (r, v) of two arguments only. The density of the cluster is then defined as:
The initial choice that Chandrasekhar made was to choose the MaxwellBoltzmann distribution function:
j being a constant with dimensions L −1 T and k a dimensionless normalization constant. But keeping the range of v being v = 0..∞, this led to models with infinite size and mass.
King models take care of this problem choosing the distribution function;
and restricting at each point r the range of v to be v = 0..v e (r). This leads to models with finite sizes and finite mass. But as we show below the same goal can be reached with the Maxwell-Boltzmann distribution function. King's model deals with the problem of the scape velocity already at the level of the choice of the distribution function but abandons the Maxwell-Boltzman distribution function derived from fundamental classical statistics mechanics postulates. My model, based on (6) delays dealing with the scape velocity condition until the definition of the density (5) is used.
The constant k being chosen for convenience so that:
the models to be discussed depend on three parameters: j, the central density µ 0 and the central potential V 0 , the derivative of the potential at the center being zero as a regularity condition. From these three parameters the first two are observable positive quantities with independent physical dimensions. Therefore we can assume that:
the last condition completing a convenient model dependent system of units. Since k given by the normalization condition (8) is a function of V 0 :
for King's models; and:
for the New ones, this leaves V 0 as the only one free parameter. The Poisson equation (1) with the integral definition of either (7) or (6) expressions is a differential equation that can be dealt with conveniently writing it as the following system:
where:
for King models. And:
for the New models. I have integrated numerically the system of differential equations (12) using Maple 16, with two different sets of six different values for the potential at the origin V 0 . One set for King's models and the other for the New Models. Starting with r = 0 I have recorded the values of the quantities V (r), DV(r), and µ(r) until r = b where:
b is a distinguished value of r where the force on any star of the cluster towards the center begins to decrease, and the left of b defines the core of the cluster. The integration proceeded then until both µ and V reach the value zero at some point a, the radius of the cluster, also called the tidal radius. The solution to right of b defines the halo of the cluster to be matched with a vacuum solution at r = a. The fourth column of the tables above lists the values of the quantity:
and is the analogous of the quantity log 10 (a/r c ) that King calls the concentration of the cluster. This parameter is important because it is dimensionless and therefore it is not affected by the object dependent system of units defined by (9). To compare King models to the New ones in the range of c considered in the preceding tables I it is useful to realize that in both cases the dependence of c on V 0 can be fitted approximately by linear equations:
This allows to choose , by interpolation, pairs of potentials that will lead to the same concentration parameter c. The fifth column lists the values of r where the value of µ is one third of µ 0 . King defined the core radius 1 of the cluster empirically as the value of r such that:
so that with the units that I am using (9) we have r c = 3/(2) 1/2 2.12 that approximates but does not coincide with the parameter b which has a clear physical meaning indicating where the force that the gravitational attracting force towards the center of the cluster starts to decrease. 1 Observationally the core radius is the distance at which the apparent surface luminosity has dropped by half
The subindex K refers to a King model and N to a New one. The + and − in the last column is a correction to get the corresponding values for the New models. A general feature appears from looking at this table, namely that with equal concentration c the New models are bigger than King models.
Let us assume that we know the values of the density µ * 0 at the origin of a real cluster and the value of j * using a cluster independent system of units; for instance the MKS system of units. Then the units of the system for which the conditions (9) will hold are:
And therefore, in particular, the value of the parameters with dimension L in the preceding tables,i.e: a, b and b 1/3 will be multiplied by m * in the cluster independent system of units. This is a step that it is necessary to compare theoretical models with observations of existent globular clusters. But To this end a problem remains, namely to establish a correspondence between the theoretically defined parameters b or b 1/3 with optically defined characteristics of the globular clusters, and this is beyond the scope of this paper.
The following graphics below complete the comparison of the two models for the case c = 1.78 that is present in both tables above.
Dark matter
In a preceding paper, [2] , I suggested that a very simple, though unacceptable a priori to some colleagues, modification of Newton's action at a distance law, could solve the problem of dark matter, or at least mimic what dark matter is supposed to be. The idea is to add to the 1/r 2 term of the law a 1/r one so that the force between two point particles of masses m 1 and m 2 at a distance r becomes:
where G would be a new universal constant with a value small enough so that the new law would not contradict any observationally known result. To discuss the range of possible values of G it is more intuitive to deal with the following constant:
that has physical dimension L and is the inverse of G when using the condition 4πG = 1. If r = β/4π then F = F , if r < β/4π then F > F and F < F otherwise.
It is also useful to realize that the above modification of Newtons law is equivalent to assuming that G instead of being a constant is in fact a function of r:
In a Cavendish-like experiment r is of the order of 10 cm and therefore if β is greater than 100 km then:
that is compatible with the uncertainty of the present measured value of G = 6.67384(80) × 10 −11 (SI units). We deal with gravity organized systems at increasing scales. From planets and the solar system I take for granted, as a guess, that β greater than 1000 a.u. would be compatible with any known facts. And so the next scale that I consider is that of globular clusters.
From what I wrote in [2] it follows that a spherical distribution of mass with density µ(r) contained in a volume of radius a will generate, in the modified Newton's theory, a gravitational field equivalent to that generated by the classical one if the density were ρ(r) = µ(r) +μ(r), with:
that after the θ integration becomes:
To develop a theory of globular clusters taking in consideration the effective dark matter density would require to use the composite density ρ(r) instead of µ, (12) becoming an integral-differential system of equations. This looks daunting and totally unnecessary at this stage of the theory. What is possible and eventually interesting at this point is to choose an appropriate value for β and considerμ(r) as a small fraction of µ(r) so that (12) can be considered a first approximation to a more complex problem, that give us a hint on whether dark matter may be present in globular clusters. I offer the figures below to help the reader make his/her mind. Notice that for graphical readability I have chosen β equal 3a for the King model and β equal a for the New model. At the theoretical level of this paper β is a free parameter that only observations could fix.
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